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Introduction
Rodriguez-Villegas [14] discovered numerically some remarkable supercongruences between a truncated hypergeometric function associated to a Calabi-Yau manifold at a prime p and the number of its F p -points. In particular, Rodriguez-Villegas recorded four such supercongruences associated to elliptic curves. Following a strategy developed by Ahlgren and Ono [1] , by using the Gross-Koblitz formula to write the Gaussian hypergeometric series in terms of the p-adic Γ-function, Mortenson [10, 11] first proved the following four conjectured supercongruences of Rodriguez-Villegas [14, (36) ]. ) denotes the Legendre symbol modulo p.
Elementary proof of Theorem 1.1 has been given by Z.-H. Sun [16] . See also [15, 20] for two simple proofs of (1.1). Note that Van Hamme [23] and McCarthy and Osburn [9] have also studied some related interesting supercongruences. The starting point of this paper is the observation of the following striking q-analogue of Theorem 1.1. ) be the Legendre symbol modulo p. Then
where
3 ) have been studied by different authors (see [3, 12, 13, 19, 21] 
There are several generalizations and variations of (1.1)-(1.4) in the literature, but no q-analogues seem to be investigated hitherto. Indeed, Tauraso [20] proved the following generalization of (1.1). Theorem 1.3 (Tauraso [20] ). Let p be an odd prime. Then
Recently, Z.-H. Sun [16] introduced the generalized Legendre polynomials
and proved many supercongruences related to P p−1 (a, x). In particular, he obtained the following result.
Theorem 1.4 (Z.-H. Sun [16] ). Let p be an odd prime and let a be a p-adic integer. Then 6) and so
where a p denotes the least nonnegative residue of a modulo p.
It is easy to see that the Rodriguez-Villegas-Mortenson congruences (1.1)-(1.4) immediately follows from the congruence (1.7) by taking x = 1 and a = − . The aim of this paper is to give q-analogues of (1.5)-(1.7). It turns out that a complete q-analogue of (1.5) is easily given. However, for a general p-adic integer a, we can only give q-analogues of (1.6) and (1.7) in the modulus p case. On the other hand, for a = − 1 2 , we can give complete q-analogues of them. Thus, the first congruence in Conjecture 1.2 is proved, while the other three congruences are still open. Some further related unsolved problems will also be presented in this paper.
Results, I: supercongruences modulo [p]
2 Recall that the q-shifted factorials are defined by (a; q) 0 = 1 and (a;
We first give a q-analogue of Tauraso's congruence (1.5).
Theorem 2.1. Let p be an odd prime. Then
, we obtain (1.5). Moreover, setting x = 1 in (2.1) yields the following q-analogue of (1.1).
Corollary 2.2. Let p be an odd prime. Then
Our second result is another generalization of (2.2).
Theorem 2.3. Let p be an odd prime. Then
It is clear that, when x = 1, the congruence (2.3) reduces to (2.2). On the other hand, setting x = 0 in (2.3), we obtain the following dual form of (2.2).
Corollary 2.4. Let p be an odd prime. Then
Our third result is a q-analogue of the a = − case of (1.6).
Theorem 2.5. Let p be an odd prime. Then
Letting x = −1 in (2.4), and noticing that
1+q 2k , we are led to another q-analogue of (1.1).
Corollary 2.6. Let p be an odd prime. Then
2 ), which may be restated as follows.
Corollary 2.7. Let p be an prime of the form 4k + 3. Then
Note that, when q = 1, the congruence (2.6) can be written as
which was conjecture by Z.-W. Sun [18] and proved by Tauraso [20] and Z.-H. Sun [15, 16] .
Results, II: congruences modulo [p]
In this section, we first give q-analogues of (1.2)-(1.4). Actually we prove the following more general results.
Theorem 3.1. Let p be an odd prime and m, r two positive integers with p ∤ m. Then
In particular, if p ≡ ±1 (mod m), then
Note that, for p 5, we have (−1)
Letting x = 1, r = 1, m = 3, 4, 6 in (3.2) with p 5, we obtain the following result.
Corollary 3.2. Let p 5 be a prime. Then
In the same vein, letting x = 0, r = 1, and m = 3, 4, 6 in (3.1), we obtain Corollary 3.3. Let p 5 be a prime. Then 
Next, we we give q-analogues of (1.6)-(1.7) in the modulus p case. For this end, we introduce the following polynomials
Note that P n,m,r (1, x) is the generalized Legendre polynomial P n (a, x) with a = − r m in [16] . Letting x = 0 in (3.3), we obtain Corollary 3.6. Let p be an odd prime and m, r two integers with p ∤ m and r/m p ≡ 0 (mod 2). Then
Taking (m, r) = (3, 1), (4, 1), (6, 1) in (3.4), we get the following congruences.
Corollary 3.7. Let p be an odd prime. Then
Letting x = −1 in (3.3), we obtain
Taking (m, r) = (3, 1), (4, 1), (6, 1), we get the following result.
Corollary 3.8. Let p 5 be a prime. Then
Proofs of Theorems 2.1 and 2.3
Recall that the little q-Legendre polynomials are defined by
They can also be written as (see [22] )
We now give a new expansion for the little q-Legendre polynomials.
Lemma 4.1. Let n be a nonnegative integer. Then
Proof. By the q-binomial theorem (see [2, p. 36, Theorem 3.3]):
one sees that, for 0 m n, the coefficient of x m in the right-hand side of (4.3) is given by
where the last step follows from the q-Chu-Vandermonde formula (see [2, p. 37, Theorem 3.4] ). This completes the proof. ✷
We also need the following result.
Lemma 4.2. Let p be an odd prime and 0 k p − 1. Then
Proof. Observing that
we have
It follows that
, replacing q and x by q 2 and xq −2 respectively in (4.1) and (4.3), and then applying (4.5), we obtain (2.1). ✷ Proof of Theorem 2.3. Similarly to the proof of Theorem 2.1, just compare (4.1) and (4.2). ✷
Proof of Theorem 2.5
Lemma 5.1. Let n be a positive integer and 0 j n. Then
Proof. Replacing k by k + j, we can write the left-hand side of (5.1) as
where we have used the relation (q; q) n−j (q; q) n−j−k = (−1)
Taking a = q n+j+1 and b = q −n+j in Andrews' q-analogue of Gauss' 2 F 1 (−1) sum (see [4, 5] or [7, Appendix (II.11) 
where (x; q) ∞ = lim n→∞ (x; q) n , we have
Replacing q by q −1 in (5.4) and noticing that (q
Substituting (5.5) into (5.2) and making some simplifications, we obtain the desired identity (5.1). ✷ Lemma 5.2. Let n be a positive integer and
Proof. By the q-binomial theorem (4.4), the coefficient of x j (0 j n) in the right-hand side of (5.6) is given by
(−q; q) k which, by Lemma 5.1, is equal to 0 if n − j ≡ 1 (mod 2). This proves (5.7).
✷
Proof of Theorem 2.5. Note that, for
2 ). By Lemma 4.2, we have
The theorem then follows from Lemma 5.2. ✷ Remark. Another application of Andrews's q-analogue of Gauss's 2 F 1 (−1) sum (5.3) to q-congruences can be found in [8] .
Furthermore, the numbers f p,m,r satisfy the following recurrence relation: .
In particular, the congruences in Corollaries 3.2 and 3.3 modulo [p] 2 are still true.
Note that Conjecture 7.1 is a complete q-analogue of (1.7) and Theorem 3.5 is a weak q-analogue of (1.6), of which we speculate the following true q-analogue. In the light of our results, a nice q-analogue of (7.1) (at least in the modulus p case) would be desirable.
